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Nonequilibrium Hypersonic Flows over Corners

Maurizio Pandolfi,* Renzo Arina,t and Nicola Bottat
Politecnico di Torino, Torino, Italy

The hypersonic nonequilibrium flow of air over concave and convex corners is investigated. The description
of the flowfield is based on the Euler equations and a chemical model that accounts for the finite rate reactions.
An upwind formulation and the related space-marching technique are developed in order to achieve the
numerical solution of the fluid dynamical and chemical equations, coupled together. The attention is focused on
the effects of nonequilibrium chemistry on fluid dynamics. The transition from the frozen flow condition, just
behind the corner, and the equilibrium flow, reached at very large distances far downstream, is characterized by
intermediate strong nonequilibrium chemical processes. Such a transition promotes dissipations that, in turn,
generate vorticity.

I. Introduction

T HE physics of hypersonic flows is complex and intricate.
Some aspects are described by the Euler equations, others

are related to viscosity and thermal conductivity, as accounted
by the additional terms of the Navier-Stokes equations. In
addition, there are real gas effects due to the chemical reac-
tions triggered by the high temperature regime. In this paper,
we focus our attention on some nonequilibrium effects,
namely, on the dissipation generated by the finite rate reac-
tions. In order to emphasize these effects, we can restrict the
description of the phenomenology to the Euler equations for a
chemically evolving gas (air in particular) and neglect viscosity
and thermal conductivity.

The problem we investigate is the two-dimensional flow
over a corner either concave (as a wedge) or convex (as in the
classical Prandtl-Meyer expansion). Even if such geometries
are quite simple, the analysis will contribute to the under-
standing of some rather complex phenomena that occur in
practical problems, such as the front region (inlet) and the rear
one (external nozzle) of propulsion devices (scramjet) for hy-
personic transports.

Since we consider steady-state configurations, we drop the
time derivatives in the Euler equations. Assuming that the
velocity regime is supersonic everywhere, these equations pre-
sent a hyperbolic character with reference to any streamline-
like space coordinate in the physical domain.

The chemical description of the air is based on a model
widely quoted in the literature.1 Five species (O, N, NO, O2,
N2) and 17 reactions are considered. The vibrational energy is
assumed to correspond to a half-excited mode. Such a hypoth-
esis can be considered appropriate for applications concerning
the aerothermodynamics of re-entry vehicles.1 The assumption
of the full excited mode, or the more sophisticated one of the
equilibrium values for the vibrational energy, would imply
only slight quantitative variations of the final numerical re-
sults. No ionization is considered; the nonequilibrium of the
air is purely chemical. We note that the essentials of the
present investigation are not related specifically to the as-
sumed chemical model.

Since we neglect diffusion of the species, equations can be
written along streamlines that lead to the prediction of the
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concentrations only on the basis of rates of the reactions
provided by the chemical model. These equations present the
same hyperbolic nature as the previous ones that describe the
fluid dynamics.

The Euler and chemical equations are strongly coupled. The
first ones control the pressure (and related temperature) as due
to the fluid dynamics. These values strongly affect the rate of
production of the species. On the other hand, any variation in
species concentration leads to remarkable changes in tempera-
ture because of the high formation energies. This fact is re-
flected back in the fluid dynamics. A parameter that deter-
mines the degree of the stiffness of this coupling is the
Damkohler number, the ratio between a reference fluid dy-
namical length and a reference chemical length. High values of
this number denote flow configurations close to local equi-
librium. Low values refer to almost frozen conditions. In both
of the extreme cases, there is no dissipation related to the
chemical effects. In the intermediate range of the Damkohler
number, we expect a typical nonequilibrium phenomenon and
the occuring of the related dissipation.

In the following we discuss a proper arrangement of the
Euler equations for the steady state, according to the upwind
lambda formulation.2 Since both sets of equations are hyper-
bolic, we can use the space-marching technique (integration
along a proper space coordinate) to predict the evolution of
the flowfield downstream of the corner. A proper one-sided
finite difference approximation is used in the numerical
scheme. We then show how the oblique shock is treated in the
wedge problem. It is fitted as a discontinuity with jump condi-
tions corresponding to generalized nonequilibrium Rankine-
Hugoniot (RH) relationships. At this point we analyze the
physics of these problems. Finally, we comment on our nu-
merical results.

II. Equations
We consider the Euler equations for the two-dimensional

problem and for the steady-state configuration:

V - Vp + p V • V = 0

(V - V)F + (V/?/p) =

(la)

db)

dc)

Here, V, p, /?, and h denote the velocity vector, density,
pressure, and enthalpy, respectively.

Following Ref. 1, we neglect the diffusion of the species and
we write the equations of the production of the species along
streamlines:

V • V<?/ = co/, 1 = 1,2,3 (2)
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where the index / refers to O, N, and NO, respectively. The
concentration (g-mole-g'1) is denoted by qt, and the
source term co/ gives the rate of production for each species.
The mass conservation law provides the concentration q4 and
qs of Oa and N2, respectively:

0.21
M

0.79

where \i is the average molecular weight of the air. Formulas
and constants for computing co/ are given fully in Ref. 1.

The equation of state is

p = pRTZ

where T is the temperature and % the compressibility factor,
which is defined as

j
2 = 1 + u^1 + Q2

The enthalpy is given by

_p 3 +
P 2 (3)

where hf are the formation energies of the species O, N, and
NO.

By differentiating Eq. (3) and by using the energy equation
[Eq. (lc)] and Eq. (2), we obtain

(4)

Here, a defines the frozen speed of sound:

a* = dpi \p dpj
and ¥ the contribution of the source terms in Eq. (2):

V
u

w

Fig. 1 Coordinates and velocity components.

upper boundary
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c(z)

b(z)

By using Eq. (4), the Euler equations [Eqs. (la-c)] are
written in terms of (p, h, V) as dependent variables. Then it
is convenient to introduce the slope of a streamline (Fig. 1),
where u and w are the velocity components

since this represents a significant variable in supersonic flows.
The Euler and the chemical equations then become

[1 - (a2/w2)]pz + apx + pa2ax = (a2/w)V (5a)

az + aax + [(px - apz)/pw2] = 0 (5b)

hz - (pz/p) + o[hx - (px/p)] = 0 (5c)

to)z + ff(Qi)x = co//w, / = 1,2,3 (5d)

It is now convenient to introduce a computational frame
(X\ Z) defined as

v J f-^(«)

As shown in Fig. 2, the computational region appears con-
fined by the two boundaries b(z) and c(z). The first, b(z),
determines the geometry of the wall. The second, c(z), refers
to the location of the fitted oblique shock for the concave
angle corner, or of the first characteristic of the expansion fan
for the convex angle case. Eqs. (5a-d) can be written with
reference to the new independent variables (X,Z).

The attention is now focused on the hyperbolic nature of the
problem. Since we expect the velocity supersonic component
along z, this will be assumed as the hyperbolic (or time-like)
coordinate. Proper arrangement of Eqs. (5a-c) provides com-
patibility equations that describe the convection of signals
along characteristic lines. This step follows the classical up-
wind lambda formulation.2 We note that Eq. (5d) is written
already in a convection form and does not need any further
arrangement. The final form of these convection equations is
the following:

= l,. ..,6 (6)

The signals are defined as differentials:

dp — pw2/fi - da
d/z -dp/p

dp + pw2//3 • da

dq2

dq3

where

The slope of the characteristic lines, along which the signals
are convected, are defined as

A =

Fig. 2 Definition of the boundaries.
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The source terms, all related to the chemical kinetics, are

- 2a2)]

III. Numerical Procedure
The system of Eqs. (6) is integrated according to the space-

marching technique along the coordinate Z. In fact, from Eq.
(6), for j = 1,2,3, we obtain three equations with the un-
knowns (p)z> (<r)z> and (h)z. These and Eq. (6), fory = 4,5,6,
will be integrated numerically. The X derivatives are approxi-
mated by upwind finite differences. The sign of A/ defines the
side on which to evaluate the one-sided finite difference ap-
proximation for (Uj)x. Since we integrate the equations of the
fluid dynamics and chemistry fully coupled, we expect possi-
ble numerical problems due to the stiffness between the two
sets of equations at high Damkohler numbers.

To overcome them, we adopt a semi-implicit algorithm for
the chemical equations [Eq. (6), fory = 4,5, and 6], a standard
procedure in these cases. Namely, the values of the source
terms (co;) during each integration step are evaluated on the
basis of the initial data of the thermodynamical properties and
on both initial and final values of the concentrations. The X
derivatives of the concentrations, fe)*, are evaluated only
from the initial data. The integration of the fluid dynamical
equations [Eq. 6),y = 1,2 and 3] is carried out explicitely and
retains the values co, just computed with the semi-implicit
integration of the species needed for the evaluation of the term
^ that appears in the source terms R\ and R3.

The treatment of the oblique bow shock, expected in the
wedge problem, is carried out according to the shock-fitting
technique. The classical RH relationships dictate the jump
conditions. They express the classical conservation laws,
which retain the concentrations of the species just behind the
shock, frozen at the upstream levels (q\ = q2 = q-$ - 0). Only
after the gas has crossed the shock, the high temperature
triggers the chemical relaxation that develops smoothly over
the shock layer (that is defined as the region bounded by the
bow shock and the wall). The width of the nonequilibrium
region located behind the shock, over which a particle reaches
an equilibrium state, depends on the upstream conditions and
the slope of the shock. Such a region will be denoted as the
chemical layer. Close to the corner, the chemical layer is larger
than the shock layer, or at least of the same order of magni-
tude as the shock layer. Since the length of a computational
interval is the width of the shock layer divided in a finite
number of computational intervals, the chemical evolution is
spread over a reasonably high number of computational
points. Therefore, we do not expect any problem in describing
the chemical relaxation numerically. However, far down-
stream, the shock layer and the size of an interval become very
large, whereas the width of the chemical layer remains un-
changed. The latter thus becomes a small fraction of the shock
layer. In these conditions, the chemical layer is spread over
only a few computational intervals. Farther downstream, it is
totally swallowed within one interval. Therefore, the numeri-
cal prediction of the chemical layer, at least in part, cannot be
accomplished because of lack of resolution in the finite ap-
proximation of Eq. (6), for j - 4,5 and 6.

To overcome this difficulty, we have introduced generalized
RH conditions.3 They represent the conservation laws with
finite values of the concentrations (qi, q2, #3) of the new
species (O, N, NO) on the high-pressure side. These values

account for the chemical evolution that occurs along a stream-
line that leaves the shock, over the distance that corresponds
to the physical extension of a computational interval. In other
words, we have made the approximation of including in the
jump conditions of the discontinuity the classical conservation
laws and a fraction of the chemical layer that would be unpre-
dictable by Eq. (6), fory = 4,5, and 6. At a very large distance
far downstream of the corner, where the chemical layer is
totally hidden in the last interval after the shock, the general-
ized RH relationships provide the conservation laws that cor-
respond to the full local equilibrium conditions.

The values of the concentrations, needed to evaluate the
generalized RH jump conditions, are generated once and for
all at the beginning of the computation on the basis of the
steady one-dimensional model and then stored on a numerical
table for a set of different Mach numbers normal to the shock.
Such a numerical device already has been experimented for
computing blunt body flows, predicted through a time-depen-
dent technique.3 A large number of numerical experiments
have been carried out. In particular, the effect of the mesh size
behind a shock, treated with the classical RH jump conditions,
has been investigated. It has been found that, when the mesh
is too rough, that is, one grid extends for an appreciable
amount of the physical thickness of the chemical layer, the
lack of accuracy behind the shock deteriorates, as shown by
the loss of conservation of basic properties such as mass flow
and total enthalpy.

We point out that this approximation tends to the correct
treatment of the shock, followed by the chemical layer, once
the number of the computational points is sufficiently in-
creased and the physical extension of the interval tends to a
sufficiently small length.

IV. Flow About a Concave Corner
The nonequilibrium hypersonic flow about a concave cor-

ner was investigated many years ago. A review of results
available at that time is reported in Ref. 4. Here, we resume
that analysis and aim to contribute to the understanding of the
problem. The description of this flowfield is simple under the
assumption that the physics is described by the Euler equa-
tions only, without any chemical effect. The oblique shock
wave separates the upstream uniform region from a second
uniform region that extends over the wedge. The slope of the
shock is such that the deflection of particles through the shock
itself brings the streamlines all parallel to the wall of the
wedge. Such a deflection is achieved with a sudden reduction
of the component of the velocity normal to the shock (RH
conditions) and by leaving the parallel component unchanged.

This picture is valid also for the chemically reacting flow in
a very small neighborhood of the corner. Here, the residence
time of the particle is extremely small as compared with the
reference chemical time (Damkohler number very low). Not
enough time is allowed to the concentrations of the species for
changing, and their values remain frozen at the upstream
levels. Only farther downstream of the corner we begin to
observe the development of the chemical relaxation.

The high temperature, generated across the shock and pre-
dictable after the laws of conservation with frozen concentra-
tions (classical RH conditions), promotes the dissociation of
the original molecules (O2, N2). The rates of production of the
new species (O, N, NO) are rather high, immediately behind
the shock because the temperature is high (a factor that accel-
erates any chemical event) and the departure from the equi-
librium state is the largest. Therefore, the gas behind the
discontinuity of the shock begins to dissociate at a very high
rate. Nevertheless, these effects become noticeable only at a
finite distance behind the shock because the rates of the chem-
ical reactions are high, but finite.

The sequence of the chemical reactions is not very compli-
cated. The dissociation first of O2 and then of N2 generates
mainly O and N, and also a moderate amount of NO. The
latter dissociates farther downstream. The chemical relaxation
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oblique shock ̂  x

Fig. 3 Flow about a concave corner (wedge).

Fig. 4 Shock angle in nonequilibrium flow over a 30-deg wedge:
symbols are from Ref. 1 and the solid line refers to the present
computations.

toward the equilibrium tends to absorb heat and the tempera-
ture decreases. The cooling shrinks the gas and the pressure
decreases as we proceed along the wedge. Meanwhile, the
oblique shock is pulled and bends downwards.

The weakening of the oblique shock also can be interpreted
in terms of the deflection of the streamlines required by the
boundary condition (velocity parallel to the wall). As seen
earlier, such a deflection is obtained in the whole Eulerian
flow (without any chemistry) by the reduction at the shock of
the component of the velocity normal to it, whereas the paral-
lel component remains unchanged. This is also the picture we
expect in the close proximity of the corner because the parti-
cles crossing the shock have no time to go through chemical
relaxation: the wall is just below the shock and the particles
behave according to the Eulerian mode. However, at a large
distance downstream, the shock is not so close to the wall
anymore. Thus, time is left to the particles leaving the shock to
evolve chemically, before they approach the wall. The devel-
opment of the dissociation slows down the velocity component
normal to the shock, without any alteration of the parallel
component. The resulting whole deflection would be larger
than the value required by the wall. Therefore, the slope of the
shock has to be readjusted and decreases. The correct deflec-
tion dictated by the boundary condition at the body will be
obtained partly across the weaker oblique shock wave and
partly with a smooth evolution over the chemical layer, lo-
cated just behind the shock.

A qualitative picture of such a flowfield, borrowed from
Ref. 1, is shown in Fig. 3. We may distinguish three regions,
instead of the two uniform ones of the pure Eulerian flow.
First, the upstream uniform region a that terminates at the
oblique shock. The intensity of the shock is higher at the
corner and weaker when we move downstream. Behind the
shock, we note a nonuniform region b. Here, the chemical
reactions occur. This region is shaped as a strip,' with almost
constant width, because the path required by a particle to
reach the equilibrium state after the shock transition is practi-
cally the same, either close to or far from the corner. Behind
the nonequilibrium region the third region, c, extends, Here,
all particles have reached their state of equilibrium. However,
we can distinguish different conditions of equilibrium. Let us
consider a streamline close to the wall. A particle moving on it

has crossed the shock on its front part and has undergone a
certain dissipation. On the contrary, another particle moving
on a streamline located well above the wall has crossed a
weaker shock farther downstream. This particle has under-
gone a smaller dissipation. After the shock, further dissipation
is generated on the two particles through region b, due to the
nonequilibrium. Once these two particles have exhausted their
chemical relaxation and move downstream throughout region
c, they reach a uniform pressure because all the streamlines
flow parallel to the wall. Because of the different dissipations,
the equilibrium conditions for the two particles are different.
We emphasize that two factors contribute to the dissipation:
the shock and the nonequilibrium relaxation.

Such a difference is also revealed by the lower velocity near
the wall, where we find those particles that have undergone a
larger dissipation. The velocity gradient normal to the wall
shows the presence of vorticity, consistent with the different
levels of dissipation. Finally, we note that the defect of veloc-
ity near the wall corresponds to higher static temperature,
which implies also a more relevant degree of dissociation.

We have performed some computations on this problem.
The initial data are taken from Ref. 1. We consider a 30-deg
wedge. The upstream conditions are Mach number M^ =
21.7, pressure pw = 10.85(N/m2), and temperature Tw =
237.l(K). They correspond to the speed of 6.7(km/s) at the
altitude of 65.5(km). The variation of the angle of the shock
0sh is shown in Fig. 4. Here, and in the following figure, the
logarithm of the coordinate z9 with z = 0 at the corner, is the
abscissa. This representation provides an enlargement of the
region close to the corner where most of the phenomenon is
taking place. The angle 0sh varies from the value
corresponding to the frozen flow configuration down to the
value of the full equilibrium flow. A slight undershoot is
noticeable. The variation of 0sh may look small, about 3 deg.
Nevertheless, it is far from being negligible considering that
the angle between shock and wall, at a large distance from the
corner, is only 50% of its initial value. The evolution of the
pressure at the wall is reported in Fig. 5. We point out the
decrease of the pressure from the frozen level at the corner just
behind the shock (p/pM = 187) to the equilibrium value far
downstream (p/p^ = 175).

It is worthwhile to note that the computation has been
continued until a very large distance z without finding

200
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Fig. 5 Pressure at the wall in nonequilibrium flow (30-deg wedge).

1.0 fl

91(0)
Fig. 6 Concentration of q\ (atomic oxygen) over the shock layer
.(30-deg wedge).
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numerical difficulties related to the lack of resolution behind
the shock, as reported in Ref. 1. This has been made possible
by the definition of the previously mentioned generalized RH
relationships. At the largest value of z9 the configuration of
complete chemical equilibrium (slope of the shock included)
has been reached and no further changes have been noticed in
the numerical outputs.

It is interesting to follow the nonequilibrium evolution
along the ramp. We have reported the development of the
concentration of O and NO in Figs. 6 and 7. The ordinate
is the normalized coordinate X (X = 0 at the wall and X = 1
at the shock) and the concentrations are reported on the
abscissa; K is the number of integration steps. At K = 100,
which corresponds to a station quite close to the corner
[z = 5.4 • 10~2(m)], the amount of O is very small and that of
NO negligible. Farther downstream, at K = 200 [z = 0.54(m)],
the distribution of the concentration of O over the shock layer
is monotonic, the maximum being at the wall. The particles
flowing along the wall had a longer time to develop dissocia-
tion. On the contrary, we note that the dissociation of O is still
very smallat the shock; that is, the generalized RH conditions
include a negligible part of the chemical relaxation. This
means that the grid size is still small with respect to the width
of the chemical, layer (complete relaxation distance), and the
jump conditions at the shock are close to the classical ones.
The concentration of NO shows a similar behavior. At
K = 300 [z = 4.38(m)], the grid size becomes large enough to
prevent any reliable description of the chemical processes oc-
curing in the computational interval behind the shock. There-
fore, the generalized RH conditions include a large part of the
chemical relaxation, as it can be seen by the high concentra-
tion of O at the shock. The distribution of NO looks rather
interesting. At the wall, the typical maximum value of the NO
concentration has already been reached and its dissociation
just started. The largest concentration of NO occurs now in
the middle of the shock layer. At larger K, the gas that first
came through the shock, near the corner, is confined close to
the wall (X = 0) and covers a diminishing percentage of the
physical extension of the shock layer. At K - 600
[z = 666 (m)], the concentration of O begins to reach a uni-
form value distribution all over the shock layer, except the
different value of equilibrium at the wall. The same comments
can be made for NO. Much farther downstream, at K - 1500
[z = 8 • 103(m)], the shock layer appears as a uniform flow
region. Its quantitative description corresponds to the classical
equilibrium flow regime. However, we expect to find two
small regions with different properties, one at the shock and
one at the wall. At the shock, a chemical layer should follow
the shock itself. Since its physical width is much smaller than
the amplitude of an interval, it will be included inside the
generalized RH conditions. At the wall, the gas that crossed
the shock in the front part and experimented the strongest
dissipation has now reached a different equilibrium state.
Since the pressure is constant througout the shock layer, the
velocity at the wall will be lower than in the core of the shock
layer. This is shown in Fig. 8, where the distribution of the
velocity, at K = 1500, over the shock layer has been plotted.
The velocity defect at the wall reveals the vorticity generated in
the neighborhood of the corner.

These results agree rather well with those presented in Ref.
1. The symbols in Fig. 4 refer to the shock angle as predicted
in Ref. 1, the last symbol [at z = 104(m)] representing the
equilibrium value. The agreement is quite good with a slight
deviation appearing at z = 100(m), where, however, the result
from Ref. 1 may be not fully reliable (shock angle fails to
converge to the equilibrium value). Also, the comparison for
nonequilibrium properties is satisfactory. For instance, the
concentration of the atomic oxygen on the wall, at z = 0.34,
3.48, and 29.60(m), has been predicted at 0.0052, 0.0086, and
0.0115, whereas the values taken from Ref. 1 are estimated as
0.0059, 0.0091, and 0.0122. the agreement looks good, taking
into consideration that these evaluations are very sensitive.

(NO)

Fig. 7 Concentration of 93 (nitric oxide) over the shock layer (30-deg
wedge).
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Fig. 8 Distribution of the velocity over the shock layer (30-deg
wedge).
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Fig. 9 Pressure at the wall in nonequilibrium flow (10-deg convex
corner).

V. Flow About a Convex Corner
This problem is both similar and different with respect to

the previous one. It also has been discussed and commented in
Ref. 4.

We may begin the analysis by recalling the flow configura-
tion described by the Euler equations in the absence of chem-
ical effects. We know that there are two uniform regions, one
upstream and one along the inclined wall, where the flow has
been fully deflected. These two regions are separated by a
classical Prandtl-Meyer expansion fan that replaces the
oblique shock seen in the previous example. Flow properties
change smoothly throughout the fan, but assume constant
values on each of its ray. In fact, the solution is self-similar
because no reference length appears. However, if finite rate
chemical reactions are considered, a reference time (or length),
related to the nonequilibrium process, is introduced and sim-
plicity is lost.

Let us assume a rather high level of enthalpy in the up-
stream flow. The concentrations correspond to the equi-
librium condition and we expect a remarkable degree of disso-
ciation.

In a very close neighborhood of the corner, the configura-
tion is still represented by the Prandtl-Meyer expansion fan,
where the concentrations are frozen to their upstream levels.
Such a picture holds for a relevant distance after the corner
since the low temperature, due to the sudden expansion at the
sharp corner, keeps the reactions rates low. Nevertheless, as
soon as the dissociated species tend to recombine, the released
heat of formation increases the temperature and the speed of
the reactions. We note that in the wedge problem the situation
was reversed: the high temperature induced by the shock was
damped by the forthcoming dissociation. By proceeding along
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the wall, the recombination of the dissociated species leads to
a strong increase of the temperature. The phenomenon is
similar to the process described by the Rayleigh curve; that is
the addition of heat in the one-dimensional flow of perfect
gas. The pressure also increases along z.

Far above the wall, the situation is rather different. There,
the expansion fan is very large and the pressure decreases
smoothly on a streamline, compared with the sudden expan-
sion jump at the corner. With such a slow transition through
different pressure levels, enough time is left to the gas to
recombine, and the chemical evolution closely resembles a
sequence of nearly equilibrium states. At the corner, the
Damkohler number tends to zero and, far above, to infinity.
Let us consider two particles: one runs close to the wall, the
other far above. They reach two distinct states of equilibrium
downstream. The former has gone through a strong nonequi-
librium transformation and, therefore, has experimented the
related high dissipation. The second has followed a sequence
of equilibrium states, that is, a reversible transformation,
without any dissipation. In the final equilibrium states, both
particles share the same pressure, but the velocity is lower at
the wall, due to the higher dissipation. Such a shear flow
shows a generation of vorticity, strictly related to the variation
of dissipation on different streamlines.

We woulcj like to stress the difference in nonequilibrium
effects between the flow about a concave corner and the flow;
about a cony ex corner. In the former, both shock and;
nonequilibrium chemical layer contribute to the generation of
different levels of dissipation over distinct streamlines. In the
latter, nonequilibrium is the only source of dissipation, differ-
ent on distinct streamlines.

We have performed a few computations to confirm the
previous description. For an example, we present results for
the case Af. = 4.15, /?«, = 38.1 - 103 (N/m2), T* = 5115(K) as
upstream conditions. In a state of chemical equilibrium, the

i.o
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o.o

1000

10 • 10-

Fig. 10 Concentration of 92 (atomic nitrogen) (10-deg convex
corner).
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0.0
0 <Z3 (NO) 3 io-3

Fig. 11 Concentration of 93 (nitric oxide) (10-deg convex corner).
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Fig. 12 Distribution of the velocity (10-deg convex corner).

concentrations are qloo = 1.43 • 10~2, q2oo = 7.87 • 10 ~2, and
#3oo = 2.59 • 10 ~4. The molecular oxygen is almost fully disso-
ciated (#4oo = 7.0-10 ~6), whereas the molecular nitrogen is
dissociated only moderately (q5<x = 2.34 • 10~2). We have con-
sidered the expansion about at 10-deg corner. The evolution of
the pressure at the wall (X = 0) along z is shown in Fig. 9.
Here, the abscissa refers to the coordinate z, not to (&iz) as in
previous figures, because the chemical process develops more
smoothly along the wall. At the corner, the pressure drops
from the upstream value (p^) down to the level of 6235 (N/m2)
after the frozen Prandtl-Meyer expansion fan. The following
chemical effects tend to increase the pressure toward its final
equilibrium value of 8930(N/m2). We note that the pressure
overshoots, a fact not observed in the monotonic decreasing
of the pressure in Fig. 5, even if the angle of the shock was
slightly undershooting. Similar over shootings are also re-
ported in Ref. 4, even with a simpler model of the gas.

We now focus our attention on the evolution of the chemi-
cal species. On the basis of the previous initial data, the atomic
oxygen concentration does not change significantly. There-
fore, we follow the evolution of the atomic nitrogen and nitric
oxide. The distributions of their concentrations over the shock
layer, q2 and <?3, are reported in Figs. 10 and 11. The number
K of the integration steps corresponds to relative locations
along the wall: K = 200 [z = 0.33(m)], # = 400[z = 8.64(m)],
K = 6W[z = 20.6(m)], K = 800[z = 32.$m)], K = 1000k =
44.5(m)], K = 5000[z = 284(m)], K = 10,000[z = 590(m)].
First we look at Fig. 10. The lower temperature induced by the
expansion fan will cut down the concentration of N to an
equilibrium value about 50% of the upstream value. The
process is relatively slow, compared with the case of a com-
pression corner. At the largest values o f K , the distribution is
determined all over the flowfield by the local equilibrium
conditions reached through a reversible transformation. Close
to the wall, however, the dissipation generated in the particles
that went through the strong nonequilibrium evolution leads
to an equilibrium condition with a higher concentration of N.

We now consider Fig. 11, where the evolution of the con-
centration of NO is reported. The nitric oxide reacts much
faster than the atomic nitrogen to the sudden decrease in
temperature. We observe that the concentration at K = 200 is
totally different from the initial one. A more detailed descrip-
tion, from the initial location at the corner up to K = 200,
shows that this variation occurs monotonically, just behind
the corner. Then, the concentration moves toward the final
equilibrium condition, at a speed that is essentially controlled
by the rate of reduction of the N concentration. We note that
the variations of N and NO, reported in Figs. 10 and 11, do
not balance each other (note the different scale in the abscissa)
and that almost all of the N that disappears recombines in N2.
The different equilibrium condition at the wall is also evident
in the concentration of NO there.

Finally, we note that the effect of the irreversibility and
dissipation experimented by the particles flowing near the wall
is also denoted, as in the wedge problem, by the profile of the
velocity. This is reported in Fig. 12 at K = 10,000. The smooth
variation on the upper part represents the regular expansion
fan governed by the local equilibrium conditions. The rem-
nants of the nonequilibrium process developed near the wall,
after the frozen expansion at the corner, are confined in the
lowest part. The vorticity generated by the nonequilibrium
effects is just localized there.

VI. Conclusions
We have investigated the hypersonic flow over corners, both

concave and convex. The actual physics has been approxi-
mated by the Euler equations and by a nonequilibrium chemi-
cal model using 5 species and 17 reactions.

Since we have assumed the flow to be supersonic every-
where, we have rearranged the steady-state Euler equations
according to the upwind lambda formulation, conceived for a
space-marching technique. The resulting equations express the
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evolution of the fluid dynamics as the convection of signals
propagating on characteristic lines. The equations that pro-
vide the rate of production of the chemical species are already
written in convection form. They are characterized by strong
source terms, related to the speed of the chemical reactions.

The main feature of the numerical technique used for the
prediction of nonequilibrium flows is represented by the defi-
nition of the generalized Rankine-Hugoniot relationships that
give the jump conditions through the bow shock (for the
concave angle corner), suitable for accounting that part of
nonequilibrium evolution that occurs over distance as large as ,
the grid intervals. A standard semi-implicit technique is intro-
duced to overcome stiffness problems in near equilibrium
conditions.

The numerical method is used as a tool to investigate the
nonequilibrium effects induced by a corner deflection on the
uniform upstream flow. In the concave angle corner problem,
the nonequilibrium process acts on the, slope of the bow
oblique shock by decreasing its slope from the frozen value at
the corner down to the equilibrium flow value far down-
stream. The variation of the intensity of the shock and the
nonequilibrium in the following chemical layer generate dif-

ferent dissipations on distinct streamlines so that vorticity is
generated. In the convex angle problem, the sudden expansion
at the corner induces strong nonequilibrium on those particles
flowing close to the wall; whereas a fully reversible transfor-
mation occurs far above the wall, where the expansion goes
through a sequence of equilibrium states. The dissipation re-
lated to the nonequilibrium leads to the generation of vorticity
close to the wall. In addition, a full description of the varia-
tion of the chemical species is given. Finally, it can be noted
how nonequilibrium processes lead to strong variations of the
pressure acting on the wall.
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